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E-mail addresses: gzwang@ecust.edu.cn, wanggz19In this paper, the effect of constraint induced by the crack depth on creep crack-tip stress ﬁeld in compact
tension (CT) specimens is examined by ﬁnite element analysis, and the effect of creep deformation and
damage on the Hutchinson–Rice–Rosengren (HRR) singularity stress ﬁeld are discussed. The results show
the constraint induced by crack depth causes the difference in crack-tip opening stress distributions
between the specimens with different crack depth at the same C*. The maximum opening stress appears
at a distance from crack tips, and the stress singularity near the crack tips does not exist due to the crack-
tip blunting caused by the large creep deformation in the vicinity of the crack tips. The actual stress
calculated by the ﬁnite element method (FEM) in front of crack tip is signiﬁcantly lower than that
predicted by the HRR ﬁeld. Based on the reference stress ﬁeld in the deep crack CT specimen with high
constraint, a new constraint parameter R is deﬁned and the constraint effect in the shallow crack spec-
imen is examined at different distances ahead of the crack tip from transient to steady-state creep con-
ditions. During the early stages of creep constraint increases with time, and then approaches a steady
state value as time increases. With increasing the distance from crack tips and applied load, the negative
R increases and the constraint decreases.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Fracture mechanics is based on two fundamental concepts: the
crack-tip singularity dominates over microstructurally signiﬁcant
small size scales and the stress intensity factor, K1, or the contour
integral, J, uniquely characterize the amplitude of the near-tip
stress ﬁelds. However, for large-scale yielding in ﬁnite bodies,
the relationship between the scaling parameter K1 or J and the
near-tip ﬁelds loses the one-to-one correspondence (Shih and
German, 1981; A1-Ani and Hancock, 1991). This loss of uniqueness,
often termed loss of constraint, produces the increase in fracture
toughness observed for tension geometries and for shallow crack
bend specimens (Dodds et al., 1993). The mismatch of constraint
conditions at the crack tip apparently inﬂuences the correlation
of fracture toughness data between specimens with different
geometries and the transferability of laboratory toughness test
results to the actual defective structures. This constraint effect usu-
ally is caused by crack size, specimen or structure geometry and
loading mode. The quantiﬁcation of the constraint has been widely
investigated within elastic–plastic fracture mechanics frame, and
led to the development of J  Q two parameter fracture mechanics
(O’Dowd and Shih, 1991; Shih et al., 1993). The J sets the size scalell rights reserved.
65@163.com (G.Z. Wang).over which high stress and strain develop, and the Q characterizes
the level of the stress triaxiality and is a quantitative measure of
the crack-tip constraint.
Under creep conditions, some experimental and theoretical
evidences have shown that constraint can also affect creep crack
growth rate (Budden and Dean, 2007). For a given value of the
crack driving force parameter C*, the models of creep crack growth
predict that crack growth rates in plane strain are signiﬁcantly
greater than those in plane stress (Nikbin et al., 1986; Webster
and Ainsworth, 1994; Nikbin, 2004). For the same value of C*,
the creep crack growth rates measured in the centre-cracked ten-
sion (CCT) specimen are lower than those obtained from deep
crack compact tension (CT) specimens for the austenitic stainless
steels (Bettinson et al., 2000, 2002; Ozmat et al., 1991) and ferritic
steels (Takahashi et al., 2005). The deep crack CT specimen data
using standard test procedures (ASTM E 1457-01, 2001) are con-
ventionally used in creep crack growth assessments (R5, 2003)
and the use of such bounding data in plant assessments is clearly
conservative. Therefore, there is a strong incentive to reduce excess
conservatism in order to provide more realistic estimate of remain-
ing life (Budden and Dean, 2007). For this purpose, the experimen-
tal and numerical investigations are required to characterize the
constraint quantitatively. In the case of steady-state creep, power
law creep is analogous to power law plasticity, and the C* param-
eter is analogous to the J integral. Following the J–Q two-parameter
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and strain rate ﬁelds are usually described by the C  Q two-
parameter and the Q was used to quantify the constraint (Budden
and Ainsworth, 1999; Bettinson et al., 2001). Budden and Ains-
worth (Budden and Ainsworth, 1999) examined the effect of in-
plane constraint on creep crack growth using the Q parameter
and predicted the variation of the crack growth rate with the Q.
Combined the C  Q two-parameter concept with the NSWmodel,
Nikbin (Nikbin, 2004) investigated the effect of the constraint on
the creep crack growth rate. Based on the HRR reference stress
ﬁeld, C  Q two-parameter concept and ﬁnite element analysis,
Bettinson et al. (2001) examined the effect of the specimen type
and load level on the Q from short to long term creep conditions
for elastic-creep materials. However, the effect of the constraint
on the high temperature crack-tip stress distributions and the ef-
fect of the creep deformation and damage on the Hutchinson–
Rice–Rosengren (HRR) stress singularity could not be completely
understood.
In this paper, the crack-tip stress distribution and the C* in the
CT specimens with two crack depths are calculated by the ﬁnite
element method (FEM), and the effect of constraint induced by
the crack depth on creep crack-tip stress ﬁeld and the effect of
creep deformation and damage on the HRR stress singularity are
discussed.Fig. 1. Finite element mesh of the DC specimen: (a) meshes in whole model and (b)
local meshes around the crack tip.2. Finite element model
The CT specimens with width W = 25 mm and thickness
B = 12.5 mm are used (Xuan et al., 2005). To compare the effect
of crack depth on creep crack-tip stress ﬁeld, two crack depths of
a/W = 0.2 and 0.5 are chosen. The CT specimen with a/W = 0.2 is
denoted as shallow crack (SC) specimen, and that with a/W = 0.5
deep crack (DC) specimen. Only half of the CT geometry is modeled
due to symmetry. The typical ﬁnite element (FE) meshes for the DC
specimen are illustrated in Fig. 1(a), and the local mesh distribu-
tion around the crack tip is shown in Fig. 1(b). The symmetry
boundary condition is applied on the un-cracked ligament, and
the crack tip is initially sharp (Fig. 1). The load is applied to the load
hole as a distributed load. The typical model in Fig. 1 contains 6427
four-node linear plan strain elements (CPE4H) and 6632 nodes. The
analyses have been carried out using ABAQUS code (ABAQUS v6.7,
2007) with large deformation. An elastic power law creep material
model is used, and the creep strain rate _e is given by:
_e ¼ Arn ¼ _e0ðr=r0Þn ð1Þ
The creep material parameters of the 2.25Cr1Mo steel at 565 C are
used (Xuan et al., 2005). The values of n and A are 9.732 and
1.733  1026 MPan h1, respectively. The normalising stress r0
is taken as 330 MPa, and the corresponding _e0 ¼ 0:0561 h1. The
Young’s Modulus E of the steel at 565 C is 154 GPa, and the Pois-
son’s ratio m is taken to be 0.3. Six different constant load magni-
tudes were applied to each of the SC and DC specimens: P = 813,
1626, 2439, 3252, 4065 and 4878 N. An additional load level of
2665 N for the DC specimen was applied for determining the same
C* as the SC specimen at 4878 N. The contour integral C(t) and C
were evaluated by using the in-built ABAQUS routines. Six contours
were set around the crack tips, and the results were contour inde-
pendent. Prior to the attainment of widespread creep conditions,
the crack tip stress and strain rate ﬁelds are usually characterized
by the C(t) integral around crack tips. For times in excess of the
redistribution time tred, the C(t) approaches the C* integral which
characterizes the crack tip stress and strain rate ﬁelds at the stea-
dy-state creep (as described by Eq. (2) in Section 3.2). The redistri-
bution time tred was determined as the beginning time at which theC(t) does not change with time. The opening stresses r22 ahead of
the cracks are calculated and normalized by the stress r0.3. Finite element results and discussions
3.1. Crack-tip stress distributions
The distributions of the opening stresses r22 ahead of the crack
tips at the six load levels for a typical creep time t = 20,000 h in the
SC and DC specimens are shown in Fig. 2. The r22 is normalized by
the stress r0, and r is the distance from the crack tips. The use of
absolute length r allows the direct measurement for high stress
zone size which is relative to creep damage zone. It can be seen
from Fig. 2 that the peak stresses appear at a distance from crack
tips, and with increasing the load level, the stress r22 increases.
At the same load P the stresses in the DC specimen are higher than
that in SC specimen. The stress distributions at other creep times
are similar to Fig. 2. The change of the stress r22 with absolute time
t at a typical load P = 4065 N in the SC and DC specimens are shown
in Fig. 3. With increasing the creep time t, the stress redistribution
occurs. The peak stresses in front of the crack tips gradually de-
crease, and the positions of peak stress for the DC specimen
(Fig. 3(b) gradually move away from crack tips. The peak stresses
and the areas covered by high stress ahead of crack tips in the
DC specimen are larger than those in the SC specimen at the same
applied load and creep absolute time t. The stress distributions at
other loads are similar to Fig. 3.
Fig. 4 shows variation of the maximum opening stress r22max
ahead of crack tips with C* or C(t) at two typical creep times of
10,000 h and 50,000 h. For the cracked specimens under creep con-
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Fig. 2. The distributions of the opening stress r22 ahead of the crack tips for a creep time t = 20,000 h in the SC (a) and DC (b) specimens.
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Fig. 3. The change of the opening stress r22 with creep time at a typical load P = 4065 N in the SC (a) and DC (b) specimens.
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Fig. 4. Variation of the maximum opening stress r22max ahead of crack tips with C* or C(t): (a) t = 10,000 h and (b) t = 50,000 h.
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crack tip stress and strain rate ﬁelds are usually characterized by
the C(t) integral around crack tips. For times in excess of the redis-tribution time tred, the C(t) approaches the C* integral which char-
acterizes the crack tip stress and strain rate ﬁelds at the steady-
state creep. The redistribution time tred is deﬁned as the beginning
54 G.Z. Wang et al. / International Journal of Solids and Structures 47 (2010) 51–57time at which the C(t) does not change with time. The tred usually
decreases with increasing C*. The arrows in Fig. 4 indicate the C*
values corresponding to the stress redistribution time
tred ¼ 10;000 h and 50,000 h. For the lower loads (and hence C*)
than those marked by the arrows, the stress ﬁeld is controlled by
C(t) at the same times of 10,000 h (Fig. 4(a)) and 50,000h
(Fig. 4(b)), and for the higher loads (and hence C*) than those
marked by the arrows, the stress ﬁeld is controlled by C* at the
same times. The maximum opening stress r22max approximately
lineally increases with C* on the log–log scale for higher C* range.
The r22max of the two specimens is close at the same C* or C(t). The
r22max at 50,000 h is slightly lower than that at 10,000 h at the
same value of C* or C(t).
3.2. Effect of constraint induced by crack depth on creep crack-tip
stress ﬁeld
Under elastic–plastic condition, the stress ﬁeld in the region
around the crack tip usually is dominated by the single parameter
J integral. This is usually limited to so-called high constraint crack
geometries. In low constraint geometries the crack-tip stress ﬁeld
is lower than the high constraint J dominance state. Therefore,
the J–Q two-parameter theory was developed, and the near-tip
stress ﬁeld was expressed by the two-term expansion. The ﬁrst
term Jwas given by the HRR singularity, and sets the size scale over
which high stress and strain develop, and the second term Q char-
acterizes the stress triaxiality. So the stress ﬁelds and failure are
determined by the two parameters of the J and Q (O’Dowd and
Shih, 1991; Shih et al., 1993). The Q is a quantitative measure of
the crack-tip constraint caused by geometries and loading modes.
In the case of steady-state creep, power law creep is analogous to
power law plasticity, and the C* parameter is analogous to the J
integral. Following the J–Q two-parameter ﬁeld under the elas-
tic–plastic condition, the creep crack-tip stress and strain rate
ﬁelds are usually described by the C  Q two-parameter as follows
(Budden and Ainsworth, 1999; Bettinson et al., 2001):
rij=r0 ¼ C

_e0r0Inr
 1=ðnþ1Þ
~rijðh;nÞ þ Qdij ð2Þ
where r and h is distance and angle from the crack tip, respectively,
In is a parameter which depends on the creep exponent, n, and in-
plane stress state, ~rijðh;nÞ are dimensionless functions of n, h and
in-plane stress state and dij is the Kronecker delta. In the study of
the crack-tip constraint effect, the HRR stress ﬁeld is generally con-0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
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Fig. 5. A comparison of the stress distributions between the HRR and FEM res
C* = 1.28  105 MPamm/h and (b) C* = 4.37  106 MPamm/h.sidered as the reference ﬁeld. The Q quantiﬁes the deviation of the
stress from the HRR ﬁeld, and can be obtained by FEM calculation.
In present work, in order to study the effect of constraint in-
duced by crack depth on creep crack-tip stress ﬁeld, a comparison
of the stress distribution between the HRR and FEM results for the
SC and DC specimens is made in Fig. 5. Fig. 5 is the results under
steady-state creep condition for two C* values of 1.28 
105 MPamm/h (the corresponding load level is 2665 N for the
DC specimen, and that is 4878 N for the SC specimen) and
4.37  106 MPamm/h (the corresponding load level is 2439 N
for the DC specimen, and that is 4065 N for the SC specimen). It
can be seen that within the region of about 0.3 mm near the crack
tip the HRR stress distribution is very different from the FEM re-
sults. The FEM results show that the stress singularity near the
crack tips does not exist. The reason for this is that under creep
deformation, crack initiation and growth conditions, crack tip
deformation usually becomes very large so that the small deforma-
tion condition could not be satisﬁed. The actual stress calculated by
the FEM in front of crack tip is signiﬁcantly lower than that
predicted by the HRR ﬁeld. Fig. 5 also shows that in the region of
0.3–0.8 mm away from the crack tip, the stress in the DC specimen
with high constraint is close to the HRR stress and outside the re-
gion it is lower than the HRR stress. At the same C* value the open-
ing stress r22 ahead of the crack tips in the DC specimen are higher
than that in the SC specimen, but the peak stresses of the two spec-
imens are close.
The constraint induced by crack depth causes the difference in
crack-tip opening stress distributions between the DC and SC spec-
imens at the same C*. The DC specimen with high constraint has
high crack-tip stress. The opening stress difference between the
two specimens will cause the difference in the opening strain, as
shown in Fig. 6. The DC specimen with high constraint has high
crack-tip creep strain. Because of the higher creep stress and strain
ahead of the crack tip in the DC specimen, from the NSW model
(Nikbin, 2004) it can be deduced that the creep crack growth rate
in the DC specimen will be higher than that in the SC specimen.
The actual and accurate local stress and strain quantities for deter-
mining the creep crack growth need to be further investigated. The
deep crack CT specimen (DC) in plane strain are usually used to
measure the creep fracture toughness and creep crack growth rate
of materials (ASTM E 1457-01, 2001), and the data obtained are
conventionally used in creep fracture assessments for the defective
component with various crack sizes under tensile loading. The use
of such bounding data in plant assessments is clearly conservative.
Therefore, there is a strong incentive to reduce excess conserva-0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
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Fig. 7. The creep void damage zone in front of a blunted crack tip (Tabuchi et al.,
2004).
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Fig. 6. The opening strain distributions in the DC and SC specimens under steady state creep conditions: (a) C* = 1.28  105 MPamm/h and (b) C* = 4.37  106 MPamm/h.
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(Budden and Dean, 2007). For this purpose, the experimental and
numerical investigations are required to characterize the con-
straint parameter quantitatively.
3.3. Characterization of the constraint parameter under creep
conditions
In the elastic–plastic fracture mechanics, for studying the crack-
tip constraint the HRR singularity stress ﬁeld or the small scale
yielding solution is generally used as reference ﬁeld (Dodds et al.,
1993), and the constraint parameter Q is deﬁned as:
Q ¼ r22  ðr22ÞHRR
r0
; at h ¼ 0; r ¼ 2J=r0 ð3Þ
where r0 is the material’s tensile yield stress. The theory and appli-
cation of the J–Q two parameters and the factors inﬂuencing the Q
have been widely investigated within the elastic-plastic fracture
mechanics frames (Dodds et al., 1993; O’Dowd and Shih, 1991; Shih
et al., 1993). However, the studies for C*–Q two-parameter charac-
terization of crack tip ﬁelds under creep conditions are very limited.
In Bettinson et al.’s work (Bettinson et al., 2001), the Q values under
transient and steady-state creep conditions were examined by the
ﬁnite element analysis for the CT and centre cracked panel (CCP)
specimens. The creep HRR ﬁeld was used as the reference ﬁeld,
and the deﬁnition of the Q is similar to Eq. (3). But in present study,
the FEM results in Fig. 5 show that the HRR stress singularity near
the crack tips does not exist under creep conditions. This comes
from the crack-tip blunting caused by the large creep deformation
in the vicinity of the crack tips. This kind of crack-tip deformation,
blunting and damage has been observed in a lot of experimental
work of creep crack-tip deformation (Kang et al., 1992; Liu et al.,
1998) and creep crack growth (Dean and Gladwin, 2007; Zhu
et al., 1990; Tabuchi et al., 2004), typically as shown in Fig. 7 (Tab-
uchi et al., 2004) which shows that the crack tip has been blunted to
a width of about 0.1 mm and a creep void damage zone with a size
of about 0.8 mm appears in front of the blunted crack tip. The
blunted crack tip and the creep void damage zone marked by a cir-
cle in Fig. 7 will cause low near crack-tip stresses. But the effect of
the void damage on the crack-tip stress ﬁeld cannot be analyzed by
the continuum mechanics FEM, and the damage mechanics is re-
quired. Because the HRR singularity ﬁeld cannot describe the stress
distribution near crack tips under creep conditions, and also it is
limited to power law creep materials and in-plane stress state.
The Q parameter based on the HRR reference ﬁeld may not accu-rately characterize constraint effect induced by specimen or compo-
nent geometry, crack size and loading mode on the crack-tip stress
ﬁelds for broader range of materials and stress state. Therefore, new
constraint parameters need to be deﬁned under creep conditions.
Because the deep crack CT specimens with high constraint in
plane strain state are usually used to measure the creep fracture
toughness and creep crack growth rate of materials, the crack-tip
stress ﬁeld calculated by the FEM in this specimen could be consid-
ered as the reference ﬁeld for the deﬁnition of the constraint
parameter. In present work, if the stress ﬁeld in the DC specimen
with high constraint is used as reference ﬁeld, a new constraint
parameter R could be deﬁned as:
R ¼ ðr22ÞSC  ðr22ÞDC
r0
ð4Þ
The R represents stress ﬁeld difference Dr ¼ ðr22ÞSC  ðr22ÞDC be-
tween the shallow crack CT specimen (SC) and the deep crack CT
specimen (DC) at the same C* value, and effect of the constraint in-
duced by the crack depth on stress distribution can be analyzed by
the constraint parameter R. Fig. 8 shows the R distribution ahead of
crack tips for the two C* values at steady-state creep. The increase in
the negative R (R < 0 becomes more negative) means the decrease of
the constraint. Compared with the DC specimen with high con-
straint, the SC specimen has low constraint (negative R values). In
a region of about 0.15–0.5 mm from crack tip, there is higher con-
straint and the R has weak dependence on the distance r. In the
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range of r > 1.2 mm the low constraint values almost do not change
with r. In the range of about 0.8 mm from the crack tip, the R is al-
most the same for the two C* level, and in the range of r > 0.8 mm
the higher C* causes the decrease of the constraint (more negative
R). Fig. 7 shows that there is a creep void damage zone in front of0.0 0.5 1.0 1.5 2.0 2.5
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Fig. 10. Variation of the constraint parameter R with time: (a) Cthe blunted crack tips. The size of the damage zone is in a range
of about 0.2–0.8 mm (Dean and Gladwin, 2007; Zhu et al., 1990;
Tabuchi et al., 2004), depending on different materials and stress
states. The constraint parameters in the damage zone and at the
boundary near the damage zone are very important to determine
the creep damage and fracture process, and should be evaluated.
Fig. 9 is a schematics for the stress distributions and creep dam-
age zones in front of a blunted crack tip for the two specimens at
the same C* value, and the HRR stress ﬁeld is also depicted in the
ﬁgure. The higher crack-tip stress distribution in the DC specimen
will cause higher creep strain rate and creep strain (Fig. 6), thus a
larger creep void damage zone with size rd will be formed in front
of the blunted crack tip. The highest HRR stress ﬁeld will cause the
largest damage zone with size rHRR, and the lowest stress ﬁeld in
the SC specimen will induce the smallest damage zone with size
rs. It can be deduced that the creep crack growth rate in the DC
specimen will be higher than that in the SC specimen. The models
based on the HRR stress ﬁeld will predict the fastest creep crack
growth rate. In order to examine the effect of the constraint on
stress ﬁeld in the SC specimen based on the reference ﬁeld in the
DC specimen, different distances in the damage zone and at the
boundary near the damage zone should be evaluated. Three differ-
ent distances of r = 0.2 mm, 0.6 mm and 1 mm from crack tips are
choose. Fig. 10 shows variation of the constraint parameter R with
time t=tred from short to long term creep at the two C* values for
the three different distances. For the two distances of 0.2 mm
and 0.6 mm, during the early stages of creep ð0 < t=tred < 0:2Þ R
(constraint) increases with time, and then approaches the steady
state values as t=tred increases. With increasing the distance from
crack tip, the negative R increases and the constraint decreases.
At higher C* value and larger distances from crack tip it has lower
constraint. Fig. 11 shows variation of the constraint parameter R
with load P at two different times. In general, with increasing load
P the negative R increases and the constraint decreases. Fig. 11 also
shows that at higher load levels, with increasing the distance from
crack tip the constraint decreases. Further studies are required to
quantify constraint for the specimens or components with differ-
ent geometries and load modes.
4. Summary
(1) The constraint induced by crack depth causes the difference
in crack-tip opening stress r22 distributions between the DC
and SC specimens at the same C*. The DC specimen with
high constraint has higher crack-tip stress distribution. Thet / tred
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Fig. 11. Variation of the constraint parameter R with load P: (a) t = 10,000 h and (b) t = 50,000 h.
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crack tips, and the r22max of the two specimens are close at
the same C*.
(2) The FEM results show that the stress singularity near the
crack tips does not exist due to the crack-tip blunting caused
by the large creep deformation in the vicinity of the crack
tips. The actual stress calculated by the FEM in front of crack
tip is signiﬁcantly lower than that predicted by the HRR
ﬁeld. Therefore, HRR ﬁeld is not suitable to be as a reference
ﬁeld for deﬁning the constraint parameter under creep
condition.
(3) Based on the reference stress ﬁeld in the deep crack CT spec-
imen (DC) with high constraint, a new constraint parameter
R is deﬁned and the constraint effect in the SC specimen is
examined at different distances ahead of the crack tip from
transient to steady-state creep conditions. During the early
stages of creep ð0 < t=tred < 0:2Þ constraint increases with
time, and then approaches a steady state value as t increases.
With increasing the distance from crack tips and applied
load, the negative R increases and the constraint decreases.
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